Buckling of a delaminated region can cause high interlaminar stresses which, in turn, lead to delamination growth. Hence, buckling strain is an important parameter in assessing the potential for strength loss due to the delamination. The objective of this study was to predict the buckling of an elliptic delamination embedded near the surface of a thick quasi-isotropic laminate. The thickness of the delaminated ply group (the sublaminate) was assumed to be small compared to the total laminate thickness. Finiteelement and Rayleigh-Ritz methods were used for the analyses. The Rayleigh-Ritz method was found to be simple, inexpensive, and accurate, except for highly anisotropic delaminated regions. Effects of delamination shape and orientation, material anisotropy, and layup on buckling strains were examined. Results showed that (1) the stress state around the delaminated region is biaxial, which may lead to buckling when the laminate is loaded in tension, (2) buckling strains for multi-directional fiber sublaminates generally are bounded by those for the 0 deg and 90 deg unidirectional sublaminates, and (3) the direction of elongation of the sublaminate that has the lowest buckling strain correlates with the delamination growth direction.
INTRODUCTION OMPOSITE LAMINATES OFTEN CONTAIN DELAMINATIONS. CAUSES OF
Cdelamination are many and include tool drops, bird strikes, runway debris hits, and manufacturing defects. The shape of a delamination generally resembles an ellipse [1, 2] . Delamination can significantly reduce the compressive strength and stiffness of the laminate, primarily because the delaminated region loses flexural stiffness. Even seemingly benign delaminations sometimes initiate localized buckling, thereby creating high interlaminar stresses and extensive delamination growth. Delamination growth may lead to structural instability.
Buckling and postbuckling of a near surface delamination has been ad-dressed by several researchers both analytically and experimentally [1] [2] [3] [4] [5] [6] [7] [8] .
Analyses have been developed for strip [3, 4] , rectangular [1, 5] , circular [2] and elliptical [6] [7] [8] [9] , was employed to calculate the buckling strain of typical sublaminate configurations. Also, a simple energy method, based on a Rayleigh-Ritz (R-R) formulation, was developed for the parametric study. The R-R analysis was evaluated by comparing it to the finite element analysis. In this paper results are presented for variety of four ply sublaminates.
DESCRIPTION OF THE PROBLEM
The configuration studied consisted of a thick quasi-isotropic laminate with a single elliptic delamination located near one surface. Figures 2(a) and 2(b) show plan and sectional views of a bulged composite laminate. As shown, the x-y-z coordinate system is oriented such that the x-axis is along the The plan view of an assumed elliptic delamination is shown in Figure 2 (a).
The set of intact laminae delaminated from the laminate is referred to as the &dquo;sublaminate;&dquo; the remaining laminate is referred to as the base laminate. The principal axes of the sublaminate are x' and y'; the corresponding semiaxes lengths are a and b. The angle between the axes x ' and x is 0, which is referred to herein as the sublaminate angle. The sublaminate is assumed to be made up of N laminae; a is the fiber angle of a lamina measured relative to the x-axis (see Figure 2(a) ). The sublaminate thickness h is assumed to be small compared to the base laminate thickness. The inplane displacements around the sublaminate boundary can be calculated from the base laminate inplane deformations. Furthermore, the sublaminate lateral dimensions (a and b) are assumed to be relatively large compared to h, and, hence, thin plate linear buckling theory is assumed to be valid.
The buckled shape of a sublaminate is shown in Figure 2 (b). The transverse deflection w is measured from the sublaminate mid-plane. The transverse displacement and slopes are zero along the sublaminate boundary. The present analyses assume that the sublaminate buckles outward from the base laminate, as shown in Figure 2(b) . Furthermore, effects of higher modes and inward buckling of the sublaminate are neglected. The in-plane forces acting on the sublaminate due to the laminate strain Ex were calculated from lamination theory [ 10] and are shown, schematically, in Figure 2( [12] . The term special orthotropy refers to an orthotropic sublaminate, one of whose material principal axes is aligned with the applied load direction. In this study, the R-R method was used for both specially orthotropic and anisotropic sublaminates. The accuracy of the analysis was assessed using the STAGS finite-element analysis. The two analyses are described in the following sections.
The Finite Element Analysis
The general purpose finite-element program STAGS [9] was used in the present study. An eighteen degree-of-freedom triangular plate element having three displacement and two rotational degrees-of-freedom (d.o.f.) at the corner nodes and one rotational d.o.f. at each mid-side node was employed for the analysis. Specially orthotropic cases were analyzed using only a quarter of the sublaminate whereas generally anisotropic cases were analyzed using the full sublaminate idealization. The two idealizations are shown in Figure 3 Convergence was studied to determine the degree of mesh refinement required for specially orthotropic and generally anisotropic sublaminates. A quarter plate sublaminate of 8 x 12 (i.e., eight equal parts along the x '-axis and twelve equal parts along the circumference) mesh is shown in Figure 3 mesh differed by less than 1 % from that for 16 x 24 mesh. Thus, the 8 x 12 mesh was employed for all isotropic and specially orthotropic sublaminates. A similar convergence study for a unidirectional a = 45 deg sublaminate (which is anisotropic) indicated that the 8 x 32 mesh (see Figure 3 (b)) predicts buckling strain within 1 % of that from the more refined mesh. Thus, 8 x 32 mesh was employed for all anisotropic cases.
The Raleigh-Ritz Analysis Even though the finite element method is versatile, it is expensive, especially for eigenvalue analysis of problems with a large number of degrees of freedom. Therefore a simple Raleigh-Ritz analysis, based on the Trefftz criterion [11] , is presented to calculate buckling strains of elliptic sublaminates. The procedure consists of three steps: (1) selection of a kinematically admissible transverse displacement function; (2) calculation of the total potential energy; and then (3) application of the Trefftz criterion [10] to yield eigenvalue equations. The eigenvalue equations were solved numerically for different sublaminate configurations and stacking sequences. The governing equations are derived below.
Strain Energy of Sublaminate
The strain energy U of the buckled sublaminate is [10] where the D's are the flexural stiffness constants for an anisotropic sublaminate [10] . The transverse deflection w [6] of the deformed sublaminate is assumed to be where Co, C,, and CZ are generalized displacements. The w function satisfies zero deflection and slope conditions along the boundary of the sublaminate. Substituting Equation (2) in Equation (1) and performing the necessary differentiation and integration, Equation (1) resultants is given by [10] where the inplane stress resultants N, , Ny , and NX are obtained from lamination theory [10] as follows
The sublaminate strains Ex&dquo; E.y' and Ex'y' are expressed in terms of the base laminate strain E,, the Poisson's ratio V/am, and the sublaminate angle 0 as follows Substituting the expression for w from Equation (2) into Equation (5) and performing the necessary differentiation and integration, Equation (5) The solution of Equation (11) results in three eigenvalues which correspond to the three buckling modes. The lowest absolute eigenvalue corresponds to the first buckling mode and is referred to as the buckling strain E.xc of the sublaminate.
To illustrate how the material anisotropy and the sublaminate size influence the buckling strain, Equation (11) is simplified to that for a one term solution. This corresponds to an assumed deflection function w = {l -(x'la)l -(y , /bPP C,,. Therefore, substituting C, = C2 = 0 in Equations (3) and (5) and applying the Trefftz criterion yields where EXcI is the one term buckling strain. Equation (12) Equation (12) Specially orthotropic sublaminates.- Figure 5 shows buckling curves for Anisotropic sublaminates.-The lower half of Figure 6 shows the effect of fiber angle a on buckling strain for unidirectional fiber, circular sublaminates. The compression buckling strain increases with increasing fiber angle. But at fiber angles of 75 deg < a % 90 deg, the sublaminate buckles also under tensile laminate strain. The F-E and R-R analyses agree well for 0 < a < 55 deg and 80 deg < a < 90 deg. For fiber angles 55 deg < a < 80 deg, the R-R analysis overestimates the buckling strain, because the bending- twisting (D~, and Dz6) and shear-extension (A16 and A26) coupling terms were not included. However, for other fiber angles (0 < a < 55 and 80 < a < 90) the influence of these terms is less significant and hence the R-R results agree with the F-E results. Therefore, the simple R-R analysis is fairly accurate for moderately anisotropic sublaminates.
The upper portion of Figure 6 also shows the effect of fiber angle on major
Poisson's ratio (vX y ) of the sublaminate. The Poisson's ratio of the base laminate is also shown in Figure 6 Figure 7 shows the effect of fiber angle on the buckling strain for three unidirectional elliptical sublaminates with different aspect ratios. The length &dquo;a&dquo; was held constant (a = 25.4 mm); the widths b = a/2, a and 2a. Results for the circular sublaminate in Figure 6 Figure 8 . Buckling curves are shown for unidirectional sublaminate angles 0=0, 15, 30, 45, 60, and 90 degrees. The sublaminate size is a = 25.4, b = 50.8, and h = 0.51 mm. Figure 8 shows that for [ Figure 10 shows the calculated buckling strains and the experimentally observed growth directions [1, 2, 14] . The 
